We construct a large class of vacuum solutions of the Einstein equations without any symmetries and with controlled asymptotics near a timelike singularity. The solutions are obtained by a Fuchs analysis of the equations which evolve the metric in a spacelike direction.
Introduction
An important issue in general relativity is the nature of singularities. While it is widely believed that the strong cosmic censorship conjecture holds, which can be loosely stated as the expectation that timelike singularities do not form by evolution from generic spatially compact or asymptotically flat initial data sets [9] , the issue is wide open. From this perspective it is of interest to consider timelike singularities and therefore the ways in which cosmic censorship could be violated.
There are numerous exact solutions with timelike singularities (e.g. [4] ). Such solutions are typically obtained in searches of solutions with symmetries. This leads naturally to the question, whether there exist solutions with timelike singularities and without symmetries. We prove in this work that this is indeed the case: We construct an analog to the class of the non-chaotic solutions without symmetries and with controlled asymptotics of [1, 6] , by changing the time parameter τ from a timelike to a spacelike coordinate. As the behavior of the Hamiltonian differs from the spacelike case only by sign changes which do not affect the analysis in the analytic case, we obtain a family of solutions with the same free functions and asymptotics (in terms of the now spacelike τ coordinate) but with a timelike instead of spacelike singularity.
The construction of the solutions is based on the cosmological billiard formalism using the Iwasawa decomposition of the metric. This method was introduced by Damour, Henneaux, and Nicolai in [3] to give a heuristic argument for the chaotic picture of spacelike singularities provided by the BKL conjecture, and later by Damour and DeBuyl in [2] to provide a precise statement of the conjecture.
We also show that the change of the time parameter τ from a timelike to a spacelike coordinate, i.e. considering timelike instead of spacelike singularities, switches the signs of some of the terms (walls) in the Hamiltonian considered. These changes violate the property of the spacelike case that the coefficients of the dominant wall terms are positive, thus rendering the arguments of Damour et al. in [3] inapplicable. The affected terms become attractive rather than repulsive, allowing subdominant walls lying behind the dominant ones to become relevant. This does not affect the class of solutions we construct here, as these are non-generic and use an ansatz that suppresses the wall terms asymptotically.
Derivation of Hamiltonian for spacelike "time"-variable
We follow the derivation of the Hamiltonian formalism by Wald [11, Appendix E.2] . The spacetime metric is denoted byḡ αβ while the induced lorentzian metric on the timelike hypersurfaces of constant τ is denoted by g ij . We choose a zero shift gauge, i.e. the metric takes the form
As the hypersurfaces of constant τ are timelike, their normal vector is spacelike. This means that the Gauss equation takes the form
where R Using g αβ =ḡ αβ − n α n β with n α the unit normal vector of the hypersurface (n α n α = 1) gives
This leads to a change of sign in the constraint equation:
Contracting the Einstein tensor twice with the normal vector n a gives an expression for the scalar curvature:
The definition of the Riemann tensor gives for the last term
where the last two terms are divergences, which will be discarded in the Lagrangian. Using (2.4), (2.5), (2.6) and √ −ḡ = N √ −g to express the Einstein-Hilbert action gives
The momenta canonically conjugate to the components g ij are given by
unchanged from the standard case. The Hamitonian, expressed in terms of the canonical coordinates g ab and momenta π ab is finally .9) i.e. the standard one with the sign of the curvature term changed.
Iwasawa variable Hamiltonian
Here we will describe the changes to the derivation of the Iwasawa variable Hamiltonian, as given in Appendix A of [6] .
Since the level sets of τ are timelike, we need to decide which frame vector is the timelike one. As the Iwasawa ansatz breaks the symmetry between the frame vectors, different choices will lead to different dynamical systems. We will use an index J ∈ {1, 2, 3} to distinguish between those cases: x J will denote the timelike coordinate. The Lorentzian metric g ij on the τ = const hypersurfaces is split in Iwasawa variables as
where m J a = 1 − 2δ Ja , i.e. −1 for a = J and 1 otherwise. We set the lapse function N equal to √ −g where g is the determinant of the metric g ij . The (timelike) singularity will be approached as τ → ∞.
The conjugate momenta π a to the β a and P i a to the N a i are given by
and
i.e. the same as in the spacelike case except for the additional factor m J a . The non-curvature terms of the Hamiltonian (2.9), with N = √ −g inserted, are
The first term can be split into
The first term of (3.5) together with the second term of (3.4) give the kinetic term G ab π a π b of the Hamiltonian, unchanged from the spacelike case. The second term of (3.5) is the symmetry wall term, with the addition of m J a and m J b . These cause a sign change for two of the symmetry walls.
The Iwasawa form of the curvature term in the Hamiltonian (2.9), which gives the gravitational potential walls, is calculated in the Iwasawa frame, where the metric takes the form In 3 + 1 dimensions exactly one of a, b, c is equal to J, which adds an additional minus in front of this term. This cancels the change of sign in the Hamiltonian.
In addition there are sign changes in the subdominant gravitational terms but as they have indeterminate sign even for the spacelike case this does not affect the analysis.
In conclusion, for 3 + 1 dimensions, the prefactors of two of the symmetry walls change sign. In the case J = 1 this involves the β
Consequences for cosmological billiard
The arguments for the asymptotic billiard picture depend on the positive sign of the prefactors of the dominant wall terms: In hyperbolic coordinates ρ and γ a , such that
) and β a = ργ a (such a splitting is possible, assuming the solution is close to a Kasner state asymptotically [3] ) the Hamiltonian takes the form
If the prefactors c A for the dominant walls are positive this approaches the "sharp wall Hamiltonian"
where the sum over A only covers the dominant walls and
If, however, some of the prefactors are negative the corresponding terms are potential wells instead of walls. In the timelike case in 3+1 dimensions this affects at least one of the dominant symmetry walls. Figure 3 .5 shows the potentials in the hyperbolic space of the γ a , projected onto the Poincaré disk.
5 Consequences for solutions constructed in [1, 6] The class of solutions constructed in [1, 6] for the case of timelike τ also exists for spacelike τ . The sign changes in the Hamiltonian have no effect on the arguments concerning the evolution Only the exponential terms are plotted, the coefficients are set to 1. The potential increases from dark blue through orange to light yellow. Black lines mark the dominant walls, grey lines the subdominant walls and the allowed region (i.e. the "billiard table") is hatched. As the factor m J b is only present in the asymptotically decaying case a > b, which is discarded in the asymptotic constraints, this leaves the conditions on the free functions unchanged.
Similarly there are sign changes in the derivation of the evolution equations for the constraints, given in Appendix D of [6] , which cancel out in the final equations.
As in the case of a spacelike singularity, the presence of a cosmological constant does not affect the result (see Appendix F of [6] ).
This leads to the following theorem, in close analogy with the results of [1, 6] :
Theorem 1 For any choice of J ∈ {1, 2, 3} and analytic functions β 2
• , β 3
• and P
2
• 1 depending on coordinates x i , i ∈ {1, 2, 3}, and for any two analytic functions, p 2
• and p
3
• depending on x i , which satisfy the inequalities 0 < p
we obtain a solution of the vacuum Einstein equations with arbitrary cosmological constant given by the metric
Here m 
10)
Here G ab denotes the constant matrix
Finally the Kretschmann scalar behaves as
and therefore, since p 
Conclusion
We have constructed a large class of vacuum spacetimes containing a timelike singularity. The solutions asymptotically approach a timelike Kasner metric at each point (x i ), which can be interpreted as the field of an infinitely extended thin rod, with positive mass for J = 1 and negative mass for J = 1 [5] . As the Kasner exponents now depend upon the coordinates x i the solutions might represent the field of more complicated, non-symmetric and non-static, onedimensional sources.
We have also noted that the cosmological billiards arguments of Damour, Henneaux, and Nicolai [3] are not directly applicable to this case, because of the transformation of asymptotically infinite potential walls into infinite wells. One should keep in mind the results of Parnovsky [8, 7] , who applied the original procedure used by BKL to the timelike case, and concluded that the heuristic construction of chaotic singularities remains applicable. It would be of interest to resolve this apparent contradiction.
In [10] the authors argue, using a model Bianchi IX spacetime, that the change of sign of some of the wall terms is an artifact of the Iwasawa decomposition and that the affected walls vanish in a different gauge. It is not clear to us whether their arguments apply to the general inhomogeneous case.
